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Motivation. Emergency medical services (EMS) provide quick and timely first response to
callers. Most of these systems are structured as public-private partnerships. In these cases, often the
government agency is faced with the question of deciding whether the private operator can serve
a certain population at the required service level wit the given fleet size or ambulance allocation
irrespective of the tactical strategies the operator employs. On the other hand, the operator too
needs to decide which tactical or strategic measure is likely to serve best the requirement of the
population and the government; without first solving for allocation, redeployment or dispatch
policies (all of which are hard problems with numerous suboptimal methodologies). For example,
it is useful to find if modifying the dispatch policy will give more benefit as opposed to dynamic
redeployment without employing an array complex methods available for these problems.

Recently, therefore, Yue, Marla, and Krishnan (2012), Maxwell et al. (2014) have suggested two
types of bounds for such systems - omniscient information relaxations and resource relaxations.
We attempt to improve upon the omniscient information relaxations in Yue, Marla, and Krishnan
(2012) to obtain tighter bounds, which Maxwell et al. (2014) describe as an open problem.

Problem Statement. Let R be a set of (historical or simulated) calls or requests from the
service region, @; be the set of feasible bases for request i (including null), ordered from nearest
to farthest. Let x;; be the (binary variable) defined for s € Q; and i € R, is 1 iff assignment to i
is from base s (s can be null). Let P be the set of parents of request i via base s (j € P?, that
is, j arrives before i, j completes after ¢ arrives, and s is in both @, and @;). Let L;, be the cost
of assigning ambulance from base s to request ¢ and a, be the number of ambulances allocated to
base s (with the allocation vector A = ay,..., aja).

The most common dispatch policy adopted by EMSs is a myopic greedy policy, to assign the
nearest free ambulance as a call arrives, or drop the call (assuming it behaves as a loss system).

The ‘best possible’ (but unachievable) dispatch policy can be found by an omniscient dispatcher,
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who knows all the calls a priori, and finds an assignment of ambulances to calls that minimizes the
total cost; and is a lower bound to any primal dispatch policy. In our experiments, the omniscient
bound is too loose to determine if a new dispatch policy that is better than greedy can be devised
for a given call log. We tighten this bound building on theory from Brown, Smith, and Sun (2010).
Approach An information filtration is the order in which information is revealed to the
decision-maker. For example, in a natural non-anticipative filtration, calls to an EMS are known
only upon arrival; whereas they are known apriori in an anticipative information filtration. Let
G = (Go, ..., Gr) be a relaxation of the natural filtration IF = (Fy, ..., Fr), such that F; C G, for all ¢.
We denote Ag as the set of policies that are adapted to G and Ay as the set of policies that are
adapted to I, where Ay C Ag.

Consider a DP with a minimization objective, such as dynamic dispatch/redeployment, as:

Ji(ag, ..,a;_1) = inf {ci(ag, ...,ar) + E[Ji 11 (ag, ..., ar—1) | Fi]} (1)
ar€A4(ag,.-ras_1)

The omniscient optimization problem, where all future calls in the problem are known apriori is

min Zét(ao, vy Q) (2)

at€A¢(ag,...,ar—1), Vvt

We now define a penalty function p. p is said to be feasible if it is measurable and satisfies
E(p) <0 under any non-anticipative filtration. Weak duality holds in the information relaxation
setting, as follows. Elc(ap)] > Elc(ar) + plap)] > inf,,ca, Ble(as) + plac)].

Now we define the structure of the penalty. Let wg(a,w), ..., wr(a,w) be a series of generating func-
tions where each w; depends only on the first ¢t + 1 actions (ay, ... at) of a. Let py(a) = p}(a) — p?(a),
where p;(a) = E[w;(a)|F;] and p?(a) = E[w:(a)|G;] and p(a Zpt . This penalty satisfies: (i)
For all ar € Ay, i.e., non-anticipative actions, we have E[pt(ozp)]}"t} =0Vt, and (ii) (po(a),...,pr(a))
is adapted to G and p; depends only on the first ¢ + 1 actions (ay,...,a;) of a.

To capture p as the value function, we can write p}(a) as minE[c(ay1,...,ar)|F] and p?(a) as
min Elc(a41,...,ar)|G]. Because G is non-anticipative, we will always get a feasible penalty. The

bound formulation is:

JE (ag, .y ar_1) = » (inf ){ct(ao,...,at)—l—pi(ao,...,at)—pf(ao,...,at)—|—E[Jt+1(a0,...,at,l)\gt]}
at€A¢(ag,...,ap—1
(3)

= inf {Ct(ao,...,at) +minE[c(a;, ,...,a7r)|F] —min E[c(@41, ..., ar)|G]
at€A¢(ag,...,ar—1) a’ a
E[Jt—&-l(aOy”-aat—l)’gt]} (4)
> inf ){Ct(ao,...,at)—I—mi/nE[c(a;H,...,aT)HF]—]E[c((_zHl,...,aT)G]

at€A¢(ag,.-,at—1
E[Jt+1(ao,~-aat—1)’gt]} (5)
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We replace p? by a feasible solution under the non-anticipative filtration G instead of the optimal
solution, as shown in (5). This will still be a lower bound, which could be, in some cases, worse
than the anticipative bound. Therefore, it is important to ensure that min, Elc(a; ., ...,ar)|F] >
Elc(aty1, ..., ar)|G], so that we have a positive penalty and hence a meaningful bound. Expanding
(5) recursively, we write this as a single, large, integer program.

First, we revisit some existing notation and introduce some new notation. As defined earlier, R
is the original call log, consisting of calls indexed by 4. @Q); is the priority queue of bases that can
serve each call, ranked from the least response time to the highest. A null element is added to the
end of each call’s priority queue, indicating that the call cannot be served and is dropped. Let s be
the index of the bases; and s! denote the lth ranked base in the priority queue @; of call i. Let the
call log R span the time horizon [0,7] and ¢ be the time index. The call log is divided into time
intervals along which the penalty function is formulated. Let R, be the pth sample path (p € P)
of calls (sampled by a look-ahead algorithm), satisfying: (i) R, has exactly the same calls as R
from [0,t], and (ii) calls from (¢,7] are sampled according to the same underlying arrival process
as R but are not the same as in R. Let R, be the component of the call log R,; that spans the
interval from (¢, 7.

The variables in the formulation are as follows. a:; . represents the solutions obtained by imple-
menting a non-anticipative, myopic nearest-free-ambulance policy in [¢,7] on call log R,;. Corre-
spondingly, w;’ , represents the solutions obtained by implementing an anticipative policy (defined
below) in [t,T] on call log R,;. The variable §;5 captures the number of ambulances free at base s
at the time of arrival of call 1.

Additionally, let x5, be the optimal solution obtained after solving the omniscient optimal dis-
patch (7)-(8) on the call log R,;. Note that the cost of the omniscient optimal dispatch solution

Z Z T, ;s Lis 1s always less than the cost of the same set of calls for any other dispatch policy,

1€ER; SEQi
specifically, an z,; ;s obtained by an assignment over the entire call log R,:. We utilize this property

to find a good feasible solution in (18).

mlnzGZRsE TisLis + 57 |P| {ZZzGR 5€Q; Lpt, zs ZZzeR -y T, Zsts} (6)

st Yz, =1, VieR  (7)
S€EQ;
Tis+ X x5 < a VieR (8)

JEP?
2 s =1 Vie R, VpePVi  (9)
Botis =05 — Y Ty y, Vs=1,..,Q;,Vie Ry, Vpe PYt  (10)
kEPZ.S

‘Tpt,iszi S pt,isi V1 S Rpt,\V’p S P,Vt (11)
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, 1 o
xpt,isli Z Mﬁpt’isi VZERpt,VpGP,Vt (12)
: 1 i o
Tt 2 37 Bt = By, VI=2,..,|Q:|,Yi€ R, Ype PYt (13)
n=1
-1
: 1 o
Ty <1 MZ@M% Vi=2,..,|Qi|,Yic€ Ry,Ype P,Yt (14)
n=1
SN ap L <Te > a2, L Vpe PVt (15)
i€ERp; S€Q; i€ERp; 5€Q;
Se%ixpm:L Vi€ Ry,Vpe PVt  (16)
Ty is +jg}3iswpt,js <a, VieR,,,Ype PVt (17)
iy =Ty 1 =Ty Vi€ Rypy,VseQ;,Ype PVt (18)
x5 €4{0,1} VseQ;,Vie R (19)
. €{0,1} Vie Ry, VseQ,Vpe PYt (20)
. €{0,1} Vie Ry,VseQ,Vpe PYt (21

x is the variable representing the ambulance allocations of the omniscient problem. (7)-(8) and
(19) are the constraints for the pure omniscient problem. 2 is the solution corresponding to the
myopic dispatch problem, and spans [t,T] for each time interval ¢. (9)-(14) and (20) are the con-
straints corresponding to the non-anticipative (myopic) solution at each time ¢, and for each sample
path p. " is the solution to the omniscient problem from time ¢ to T (15)-(17) and (21) are the
constraints corresponding to a ‘good’ anticipative (feasible omniscient) solution at each time t.
To ensure that the solution from (15)-(17) is a ‘good enough’ feasible solution, for each sample
path p and time point ¢, we pre-compute the optimal solution x3, over the call log Rpt, and use
that to constrain that the second term of the penalty does not exceed the pre-computed optimal
solution by some factor I'. Constraints (18) ensure that the solutions in the true path, and the
non-anticipative (myopic) sample path and the anticipative sample path match between [0, ¢].

For large values of I', the solution to this integer program produces loose or meaningless bounds
that might be worse than the omniscient bound. As we lower I', we will find tighter bounds, and
the integer program can become infeasible at values of I' close to 1.

Results and Conclusions. Our results show that for a large Asisn city, given the current
ambulance allocation, the greedy policy is near-optimal and no dispatch policy can improve the
service level by more than 1%. Therefore, other actions of reallocation or increasing fleet size need
to be used to improve service. By contrast, in other queueing settings modeled as an N-network
(Harrison 1988), greedy policies are suboptimal but our lower bound provides a tight bound on

the possible improvement achievable by any assignment policy.
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