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Abstract
In this paper, we develop an efficient trust re-
gion method for solving non-convex optimiza-
tion problems, especially for training deep neural
networks. At each iteration, trust region method
computes the search direction by solving a non-
convex subproblem. Solving this subproblem
is non-trivial—existing methods have only sub-
linear convergence rate. We show that a simple
modification of gradient descent algorithm can
converge to a global minimizer of the subproblem
with an asymptotic linear convergence rate. More-
over, our method only requires Hessian-vector
products, which can be computed efficiently by
back-propagation in neural networks. We show
that our method is much faster than existing sec-
ond order methods for training large-scale convo-
lutional neural networks such as VGG and Mo-
bileNets. Furthermore, our method converges to
a solution with lower generalization (test) error
than SGD, and the difference becomes even more
significant in large batch training. Finally, we
conduct several interesting experiments to sup-
port our conjecture that the trust region method
can avoid sharp local minima.

1. Introduction
Training neural network requires solving a large-scale non-
convex optimization problem. Despite having many op-
timization algorithms in the literature (Nesterov, 2013;
Wright & Nocedal, 1999; Boyd & Vandenberghe, 2004),
by far the most popular methods for training neural net-
works are SGD and its variants (Zeiler, 2012; Duchi et al.,
2011; Kingma & Ba, 2014; Hinton et al., 2006). Compared
to these stochastic first order methods, second order meth-
ods are rarely used in training deep neural networks due
to large-scale data and high dimensional parameter space.
Prior to our work, there aren’t many works on second order
methods for neural network optimization (Martens, 2010;
Kiros, 2013; Botev et al., 2017), and most of them are tested
on multi-layer perceptrons. The most practical implementa-
tion is K-FAC (Martens & Grosse, 2015; Grosse & Martens,
2016) in tensorflow, but it is still slow in terms of training

time.

In this paper, we develop an efficient trust region method for
non-convex optimization, especially for training deep neural
networks. At each iteration, trust region method approxi-
mates the objective function by a quadratic term with a norm
constraint, known as the trust-region subproblem. The main
difficulty in large-scale applications is how to solve this
nonconvex subproblem efficiently (Yuan, 2000). Approxi-
mate solvers such as (Steihaug, 1983; Powell, 1970) cannot
converge to the exact minimizer, while the best method for
computing the global minimizer has sub-linear convergence
rate (Hazan & Koren, 2016). We propose a new solver that
is guaranteed to converge to the global minimum of the non-
convex trust region sub-problem with an asymptotic linear
convergence rate. What’s more, our method only requires
Hessian-vector product, which can be computed efficiently
in neural networks. Empirically we show our method is
much faster than other existing second order methods in
terms of running time.

Apart from convergence rate, generalization ability is an-
other important issue to practitioners. Starting from (Zhang
et al., 2016) which proposed the generalization paradox of
deep models, intensive works have been done to find ways
to explain and close generalization gap in large batch SGD
(Keskar et al., 2016; Kawaguchi et al., 2017; Wilson et al.,
2017). Interestingly, we find through experiments that using
trust region method alone can effectively escape from sharp
minima and achieve lower test error than SGD, especially
on large-batch training. For CIFAR-10 with VGG network,
our trust region based method achieves 86.8% accuracy and
our hybrid method have 88.1%, both of them are better than
SGD’s solution with 86.7% accuracy when batch size is
128. As batch size grows to 2048, our trust region method
still has 85.5% accuracy and our hybrid method is 87.0%,
in contrast, SGD only has 80.3% accuracy. Arguably, our
method is a more natural solution to large batch training
because it can match the small batch accuracy simply by
switching to trust region method without changing network
structure, loss function and batch size.

2. Background and Related Work
2.1. (Stochastic) Trust region method
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Algorithm 1 (Stochastic) Trust region method

1: Input: Objective function F (x).
2: Return: Suboptimal solution: xN+1.
3: for t = 0, 1, · · · , N do
4: Calculate gradient g = ∇F (xt), H = ∇2F (xt) or

their stochastic counterparts
5: Expand objective function:

arg min
z:‖z‖2≤rt

f(z) =
1

2
zᵀHz + gᵀz (1)

6: Solve (1) to get zt, compute qt = F (xt)−F (xt+zt)
f(0)−f(zt)

7: (Deterministic version) Update iterate and radius:

• If qt ≥ 0.9, then xt+1 = xt + zt, rt+1 = 2rt.

• If qt ≥ 0.1, then xt+1 = xt + zt, rt+1 = rt.

• If qt < 0.1, then xt+1 = xt, rt+1 = 0.5rt.

8: (Stochastic version) Update iterate and radius:

• If qt ≥ 0.9 and ‖g‖ ≥ rt, then xt+1 = xt + zt,
rt+1 = min{2rt, rmax}.

• Otherwise, xt+1 = xt, rt+1 = 0.5rt.

9: end for

We consider solving a general non-convex optimization
problem:

min
x
F (x).

Trust region (TR) method (Conn et al., 2000) (Algorithm 1)
is a classical second order method for solving nonlinear
optimization problems. At each iteration, TR forms a sec-
ond order approximation around the current solution and
updates the solution by minimizing this quadratic function
within the “trust region”. The trust region, usually a hy-
per ball, is chosen to make the second order approximation
close enough to the original one and thus by minimizing
the subproblem, the objective function will very likely to
descent. More formally, at iteration xt the subproblem can
be written as:

arg min
z

f(z) :=
1

2
zᵀHz + gᵀz, s.t. ‖z‖2 ≤ r. (2)

Where H = ∇2F (xt), g = ∇F (xt), and r > 0 is the
radius of trust region.1

If objective function F has finite sum structure, F (x) =
1
n

∑n
i=1 fi(x) or more generally F (x) = Eξf(x, ξ) where

1In general the constraint can be ‖ · ‖M for any PSD matrix
M , but we only discuss the simpler case here because a change-of-
variable z′ =

√
Mz and H ′ =

√
M
−ᵀ
H
√
M
−1

can transform it
to (2).

ξ is random variable with bounded variance, then we can
turn to stochastic trust region method discussed in (Chen
et al., 2015), where both∇F (xt) and∇2F (xt) is computed
by subsamples. Both deterministic and stochastic trust re-
gion method have very similar algorithm as one can see in
Algorithm 1. As to convergence rate, (Blanchet et al., 2016)
shows that the stochastic version is guaranteed to find a sta-
tionary point ‖∇f(x)‖ ≤ ε in O(ε−2) iterations, while the
deterministic version is able to find ε-suboptimal stationary
point within O(ε−3/2) iterations (Curtis et al., 2017). For
large scale problem when we cannot calculate the gradient
and Hessian on the whole dataset, stochastic method is the
only choice.

The main computation in TR is to solve the trust region sub-
problem. Since the Hessian matrix H may not be positive
definite, (2) is a non-convex problem with constraint and it
is hard to compute its global minimizer. Furthermore, for
large-scale applications (e.g., training deep networks), H
is very large (millions by millions) and cannot be formed
explicitly. Several algorithms have been proposed in the
literature. Traditionally, dogleg method (Powell, 1970) for
H � 0 and Steihaugs method (Steihaug, 1983) for indefinite
H can be applied to get an approximated solution. How-
ever if a more precise solution is desired, we need to find
other ways, e.g. (Hazan & Koren, 2016) is able to find
an ε-suboptimal solution in Õ(M/

√
ε) time, where M is

the matrix size (number of nonzero elements). Other meth-
ods include subspace minimization (Erway & Gill, 2009;
Erway et al., 2009), cone based methods (Ho-Nguyen &
Kilinc-Karzan, 2017), etc. In this paper, we design an effi-
cient solver based purely on gradient information that can
find an ε-suboptimal solution in asymptotically linear time
Õ(M log(1/ε)). Furthermore, our method only requires
matrix-vector products, which can be computed efficiently
for neural networks.

2.2. Other Second Order Methods for Training Neural
Networks

Another related technique for non-convex optimization is
adaptive regularization with cubic (ARC) (Griewank, 1981).
Similar to TR method, ARC uses cubic term of positive
coefficient σ3 ‖z‖

3
2 to replace constraint in (2):

arg min
z

1

2
zᵀHz + gᵀz +

σ

3
‖z‖32. (3)

ARC method can be seen as the “twin” method of TR, since
they share many similar properties (e.g. converge rates).
Intuitively the radius parameter r in (2) plays the same role
as σ in ARC: a larger r and smaller σ both mean larger
“trust-region”. However, since the ARC subproblem is un-
constrained, the treatment is relatively easy: for example,
generalized Lanczos-type iterations (Gould et al., 1999) or
gradient descent (Carmon & Duchi, 2016) can be used. Our
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proposed subproblem solver for TR is also based on gradi-
ent descent, but due to constraint in the TR subproblem our
algorithm and proof are different from (Carmon & Duchi,
2016).

Recently, several works have applied second order methods
to neural network optimization, including (Martens, 2010;
Botev et al., 2017; Xu et al., 2017b;a; Martens & Grosse,
2015; Grosse & Martens, 2016). However, many of them
only consider small-scale fully connected networks with
few layers. Among them, K-FAC (Martens & Grosse, 2015;
Grosse & Martens, 2016) makes use of curvature informa-
tion by efficiently approximating Fisher matrix and turns out
to be successful in convolutional neural networks; (Xu et al.,
2017b;a) adopt full gradient and subsampled Hessian and
solve the trust region subproblem in the subspace spanned
by Cauchy point and minimum eigenvector v1(H). We are
different from this recent paper in two aspects. First, we
develop a new trust region subproblem solver with better
theoretical guarantee. Second, the full gradient computation
in their algorithm is too expensive for large-scale deep net-
work training. In contrast, we implement our algorithm with
subsampled gradient and Hessian, thus we are able to run
large-scale experiments and observe better generalization
compared with SGD.

2.3. Generalization Ability for First Order Methods

SGD and other stochastic first order methods are popular for
training large scale neural networks since gradient for each
training sample can be computed in one forward-backward
cycle. Recently there are many works on the effect of batch
size on training time as well as generalization ability. Indeed,
a larger batch makes more use of parallel processors, so
the program can scale perfectly to more GPUs. Moreover,
more samples make the gradient less noisy and thus a larger
learning rate and higher converge rate are possible, see
(Goyal et al., 2017; You et al., 2017a;b) and references
therein.

At the same time, large batch in SGD is harmful to gener-
alization ability, experiments in (Keskar et al., 2016) show
that batch size can affect the geometry around the solution
that SGD finds. Specifically, SGD with a larger batch size
tends to find sharper local minima, so even a tiny change of
data from training set to test set will lead to high loss, i.e.
bad generalization ability. As to the converge rate to local
minima, although (Lee et al., 2016) shows gradient descent
always converges to local minima, (Du et al., 2017) proves
the converge process can take exponential time. On the
other hand by adding extra noise, (Ge et al., 2015) claims
SGD is able to escape strict saddle in poly(d/ε) iterations,
and further (Jin et al., 2017) design a full gradient with noise
method that improves the result to poly- log(d)/ε2 steps.

Notations: Throughout this paper, we use Sn−1 to denote

the unit sphere in Rn. The model parameters x ∈ Rd and
objective function F (x) = 1

N

∑N
i=1 fi(x) is in C2; its gradi-

ent and Hessian at step xt are denoted as gt = ∇F (xt) and
Ht = ∇2F (xt), and if the index t is unimportant we will
simplify them as g and H respectively. For the Hessian ma-
trix H , its eigenvalue decomposition is H =

∑d
i=1 λiviv

ᵀ
i

such that vᵀi vj = δij and λ1 ≤ λ2 ≤ · · · ≤ λd, accordingly
we decompose any vector a ∈ Rd as a =

∑d
i=1 a

(i)vi. De-
note operator norm β = ‖H‖op = max{|λ1|, |λd|}. ‖ · ‖
represents 2-norm if not stated explicitly, Id ∈ Rd×d is the
identity matrix. Finally, following (Carmon & Duchi, 2016)
we use s to represent the global minimizer of trust region
subproblem (2).

3. Efficient Trust Region subproblem solver

Algorithm 2 Proposed trust region subproblem solver

1: Input: Gradient g, Hessian matrix H
2: Return: Approximated solution z
3: Initialize z0 and η so that Assumption 1,2 are met.
4: for t = 0, 1, . . . ,max iter do
5: if ‖zt‖ < 1 then
6: zt+1 = zt − η(Hzt + g)
7: else
8: break
9: end if

10: end for
11: zt′ = zt
12: for t′ = t, t+ 1, . . . ,max iter do
13: Choose αt′ by Armijo line search
14: zt′+1 =

zt′−αt′ (Id−zt′z
ᵀ
t′ )(Hzt′+g)

‖zt′−αt′ (Id−zt′z
ᵀ
t′ )(Hzt′+g)‖

15: end for
16: Return zmax iter

In this section, we show an efficient gradient-descent based
algorithm with proper initialization can find the global min-
imum of the trust region subproblem (2). For simplicity,
we assume trust region radius r = 1. If the global mini-
mum lies inside of the sphere then gradient descent itself is
guaranteed to find it; Otherwise we first conduct gradient
descent until the iterate hits the spherical constraint, then
a manifold gradient descent on the sphere can converge to
the solution. We prove this simple procedure can return the
global minimum of the non-convex trust region subproblem
and has asymptotically linear convergence rate. The details
are shown in Algorithm 2.

3.1. Properties of global minimum

The necessary and sufficient condition of global minimum
comes from KKT condition, see (Wright & Nocedal, 1999)
for details.
Lemma 1. (Global minimum) s is the global minimum of



165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219

Better Generalization by Efficient Trust Region Method

(2) if and only if ‖s‖ ≤ 1 and there is a scalar λ ≥ 0 such
that:

gradient condition: (H + λId)s+ g = 0,

complementary slackness: λ(1− ‖s‖2) = 0,

Hessian: H + λId � 0.

(4)

Proof details are postponed to appendix. When λ1 ≥ 0,
the objective is convex, so each stationary point is a global
minimum, and further if ‖s‖ < 1 then we only need to use
gradient descent to solve it (that the case for Line 11 in
Algorithm 2), otherwise ‖s‖ = 1 and our manifold based
algorithm also applies. So in the following we only need
to consider the non-convex case (λ1 < 0). Notice that in
this case we always have ‖s‖ = 1. In the following lemma
we try to distinguish global minimum from other stationary
points, restricted to g(1) 6= 0 case (we call it “easy-case”,
as oppose to “hard-case” in (Wright & Nocedal, 1999)).
As to the “hard-case” g(1) = 0, in theory we can apply a
small perturbation to b as (Carmon & Duchi, 2016) does:
b′ = b + ε where ε is a small Gaussian noise. In practice
due to rounding error this case is hardly seen so we choose
to ignore it in our implementation.

The following lemma gives a sufficient condition of global
minimum:

Lemma 2. When g(1) 6= 0 and λ1 < 0, among all station-
ary points if s(1)g(1) ≤ 0 then s is the global minimum.

3.2. Convergence of iteration

To prove our algorithm converges to a global minimum, we
need to show that the solution found by Algorithm 2 will
satisfy Lemma 2. We show this is true under the following
assumptions:

Assumption 1. (Bounded step size) Step size η < 1/β.

Assumption 2. (Initialize) z0 = −α g
‖g‖ , 0 < α < 1.

We remark that Assumption 2 is a good guess of global
minimum if ignoring the curvature information, and using
this alone as subproblem solution will reduce trust region
method to gradient descent. Under these assumptions, Algo-
rithm 2 is guaranteed to find (one of) the global minimum,
which is formally stated in the following theorem:

Theorem 3. Under proximal gradient descent update:
zt+1 = Prox‖·‖

(
zt − η∇f(zt)

)
, and Assumption 1 if

z
(i)
t g(i) ≤ 0 then z(i)t+1g

(i) ≤ 0. Combining with Assump-
tion 2 and Lemma 2, if λ1 < 0, g(1) 6= 0 then zt converges
to a global minimum s.

Here we use Prox‖·‖ to include both the cases in Line 6 and
Line 14 in Algorithm 2. To see the converging process more
clearly, we divide the iterations into two phases: in the first
phase zt stays strictly inside the sphere Sn−1: ‖zt‖ < 1,

and during this phase we will show that ‖zt‖ is monotone
increasing until it hits the sphere and that is when the second
phase begins. In the second phase the iterates adhere to
the sphere and converge to the global minimum with an
asymptotic linear rate. First of all we show the monotone
increasing property based on following lemma:

Lemma 4. For zt defined above, we have zᵀtH∇f(zt) ≥
βzᵀt∇f(zt) (recall we define β as the operator norm of H).

Now imagine there is another iterate z̃t that does “plain”
GD (i.e. without projection): z̃t+1 = z̃t − η∇f(z̃t), using
the same step size as zt and same initialization z̃0 = z0.
Such a iteration rule guarantees that as long as ‖zt‖ < 1
for all z ≤ τ then z̃t = zt. By showing ‖z̃t‖ is monotone
increasing, we actually prove monotone increasing property
of ‖zt‖ in the first phase.

Theorem 5. Suppose z̃t is in the region such that proximal
gradient update equals to plain GD: z̃t+1 = z̃t − η∇f(z̃t),
then under this update rule, ‖z̃t‖ is monotone increasing.

Another key observation from Theorem 5 is the unbounded-
ness of ‖z̃t‖, i.e. ‖z̃t‖ → ∞ as t→∞ (shown in Eq. (A3)
in appendix). Indeed we have the following lemma:

Lemma 6. (Finite phase I) Assuming λ1 < 0, suppose t∗

is the index that ‖z̃t∗‖ < 1 and ‖z̃t∗+1‖ ≥ 1, then t∗ is
bounded by:

t∗ ≤ log(1− ηλ1)−1
[

log
( 1

η|g(1)|
− 1

ηλ1

)
− log

(−z̃(1)0

ηg(1)
− 1

ηλ1

)]
.

(5)

So after t∗ iterations the algorithm will reach phase II. Then
we turn to manifold optimization method, which is discussed
extensively in (Absil et al., 2009) and for the manifold theory
we refer to (Do Carmo & Flaherty Francis, 1992). Here we
list some concepts and its explicit form in our problem:
denoteM as the smooth manifold, and z ∈M can be any
point on manifold M. The tangent space of z, denoted
as Tz , is the set of all tangent vectors to M at z. When
M = Sn−1 then Tz = {ξ ∈ Rn : zᵀξ = 0}. A Retraction
is a mapping Rz(ξ) : ξ ∈ Tz 7→ M, in Sn−1 manifold,
one of the commonly used retraction is Rz(ξ) = z+ξ

‖z+ξ‖ ;
Projection onto Tz , denoted as Pzξ is a mapping from Rn
to Tz , for Sn−1 the projection is simply Pz(ξ) = (Id −
zzᵀ)ξ. Based on the above concepts, we can write the
gradient descent on M as: zt+1 = Rzt(−αtgradf(zt)),
and αt is tactically selected by line search such that f(zt)−
f(zt+1) ≥ σαt‖gradf(xt)‖, where σ ∈ (0, 1).

Because we already know at least one of the global mini-
mum lies on Sn−1, and according to Lemma 6 after at most
t∗ iterations we start to use manifold based optimization, i.e.



220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274

Better Generalization by Efficient Trust Region Method

the subproblem becomes:

min
z∈Sn−1

f(z) =
1

2
zᵀHz + gᵀz. (6)

Therefore, our method shrinks the search space from ‖z‖ ≤
1 to ‖z‖ = 1, by doing so we can apply well studied mani-
fold optimization theory (Absil et al., 2009; Udriste, 1994)
to our problem. Indeed we have following theorems:

Theorem 7. Let {zt} be an infinite sequence of iterates
generated by line search gradient descent, then every ac-
cumulation point of {zt} is a stationary point of the cost
function f .

This above only guarantees convergence to stationary points,
however, according to Theorem 3 if the step size αt is not
too large, it actually converges to global minimum. Then it
remains to show a linear convergence rate, as guaranteed by
the following theorem:

Theorem 8. Let {zt} be an infinite sequence of iterates
generated by line search gradient descent, suppose it con-
verges to s. Let λH,min and λH,max be the smallest and
largest eigenvalues of the Hessian at s. Assume that s is a
local minimizer then λH,min > 0 and given r in the interval
(r∗, 1) with r∗ = 1−min

(
2σᾱλH,min, 4σ(1−σ)β

λH,min

λH,max

)
,

there exists an integer K such that:

f(zt+1)− f(s) ≤ r
(
f(zt)− f(s)

)
,

for all t ≥ K.

Remarks: λH,min and λH,max are the minimum and maxi-
mum eigenvalue of Riemannian Hessian. Specifically the
Riemannian Hessian can be calculated by (Proposition 5.5.4,
Absil et al. (2009)):

Hess f(x) = Hess(f ◦ Expx)(0x),

〈Hess f(x)[ξ], ξ〉 = 〈Hess (f ◦ Expx)(0x)[ξ], ξ〉.
(7)

By direct calculation (in appendix) we shall see:
〈Hessf(s)[ξ], ξ〉 = −sᵀHs + ξᵀHξ − gᵀs, where ξ ∈
Null(s), ‖ξ‖ = 1. By optimal condition (4), we have:

sᵀ(H + λId)s+ sᵀg = 0⇒ −sᵀHs− gᵀs = λ, (8)

so 〈Hessf(s)[ξ], ξ〉 = λ+ ξᵀHξ ≥ λ+ λ1
!
> 0. Where

!
>

is guaranteed by gradient condition in (4):

(λ1 + λ)s(1) + g(1) = 0, (9)

in “easy-case”, g(1) 6= 0, so λ1 + λ 6= 0 and Hessian
condition in (4) can be improved to λ1 + λ > 0.

Based on above discussion, we know λH,min ≥ λ+ λ1 > 0
and λH,max ≤ λ+ λn.

4. Experiments
In this section, we examine the performance of our algo-
rithm. First of all, we compare the performance of our
method with other state-of-the-art second order methods.
After that, we focus on generalization ability of the solution
that trust region method returns. For studying time vs func-
tion value and accuracy, we need to constrain the computing
resources to 1 Xeon E5-2620 CPU, 512G memory and 1
Titan Xp GPU. To examine the large batch generalization
ability, we do not put such constraint.

We include following algorithms in our experiments:

• SGD: We tune the step size to get the fastest conver-
gence.

• K-FAC (Martens & Grosse, 2015): This method makes
use of curvature information by approximating the
Fisher information. We use the implementation in
Tensorflow: tensorflow/contrib/kfac.
• Cubic: Traditionally we need exact Hessian and gra-

dient information, recently the stochastic version of
cubic regularized method is theoretically justified in
(Tripuraneni et al., 2017).
• TR: Trust region method with our proposed subprob-

lem solver. For each subproblem, we choose N1 =
N2 = 1 (defined in Algorithm 2). The trust region ra-
dius is set to 1 and the step size of subproblem solver is
set to 0.1. Other implementation details are postponed
to appendix.

• Hybrid: Our proposed hybrid method, it runs trust
region method until the accuracy no longer increases,
and then uses the last epoch to initialize SGD method.
When the training accuracy stabilizes, it returns the
final model. Both TR and SGD here follow the same
hyper-parameters above.

The detailed setting and more experiments on the trust re-
gion subproblem can be found in appendix.

4.1. Comparing second order methods on mini-batch

In our first experiment, we compare several recently pro-
posed second order methods on convolutional neural net-
work, this includes K-FAC, Cubic, and TR. A simple 5-layer
convolutional neural network (see appendix for more infor-
mation) with 5× 5 filters is adopted as image classifier on
CIFAR10 dataset. To evaluate the performance, we compare
the training accuracy with respect to running time/epoch to
show the relative convergence rate. The results are shown
in Fig. 1, we find that although our TR method is slower
than K-FAC with respect to epochs, our cost per iteration is
significantly lower due to the fast subproblem solver.
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Figure 1. Training accuracy and running time/epoch comparison
between TR method and K-FAC on 5-layer convolutional neural
network. Both of them eventually reach 100% accuracy but TR
method is faster at running time.

4.2. Comparing with SGD on large batch

Next, we test the performance of our proposed trust re-
gion method (the stochastic version is used, denoted as
TR) on training deep CNNs, including VGG (Simonyan &
Zisserman, 2014) and MobileNets (Howard et al., 2017).
VGG/MobileNets are adopted to classify CIFAR10/STL10
data. The main focus in this experiment is to investigate the
quality of solution obtained by TR and compare it with the
solution obtained by SGD. We did not include other SGD
variants since it is known that SGD generalize better than
adaptive methods in large-batch (Wilson et al., 2017). For
reference, we also list the best accuracy obtained by Adam
with small batch size in Table 1, which shows Adam’s accu-
racy is only slightly better than SGD for small batch training
but still worse than our hybrid method.

In the first experiment, we compare the train-
ing/testing accuracy w.r.t. running time and epoch
on VGG16+CIFAR10/STL10 dataset. For SGD we
choose step size η = 0.1, which is the best step size in
{10n | n = 0,±1,±2, . . . }. For trust region subproblem
we choose step size η′ = 0.1 for all the experiments.
Both of them use batch size B = 512 (for CIFAR10) and
B = 1024 (for STL10). The experimental results are
shown in Fig. 2. We observe that although our TR method
takes slightly more epochs to converge, the final model has
significantly lower test error.

4.3. Better generalization ability in large batch training

Training neural network with larger batch size has become
an important issue for faster training. To fully exploit the
computational power of multi-GPU systems, we need to
increase the batch size, at least proportional to number of
cores. However, large batch size can affect the generaliza-
tion ability (Keskar et al., 2016), so it would be interesting
to see if this dilemma can be solved merely by choosing a
different optimization method.
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Figure 2. Training/Testing error with epoch. The first row is CI-
FAR10 dataset(batch size B = 512) and the second row is STL10
dataset(batch size B = 1024). We find TR method has better test
accuracy on both datasets.

To do so, we design an experiment that compares testing
accuracy under different batch sizes in Fig. 3. We observe
that our method (TR) converges to solutions with much
better test error when batch size is larger than 128. We
postulate this is because SGD has not enough noise to escape
from a sharp local minimum, especially when the large batch
is used. For smaller batch size, TR method is not as good as
SGD method, this is because the approximation of gradient
and Hessian is not good enough by only a few samples.
However, our Hybrid method combines the benefits of TR
and SGD methods to make it both fast and accurate, for both
small and large batch size.
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Figure 3. We choose B ∈ {64, 128, 256, 512, 1024, 2048}, for
each batch size and each algorithm, we independently run 5 times
to gather mean accuracy and deviation (in order to show signifi-
cance). The experiment is conducted on VGG16+CIFAR10.
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4.4. Loss landscape of different solutions

To explore whether TR/Hybrid methods find the wide local
minimum, we follow the experiment techniques in (Keskar
et al., 2016) to draw the loss curve that connects two models.
Specifically, if we use w?SGD, w?TR and w?Hybrid to denote
models of SGD, trust region and hybrid method respectively,
then the interpolated model in between is

w? = αw?A + (1− α)w?B , A,B ∈ {SGD,TR,Hybrid}.
(10)

The loss and accuracy can be evaluated on both training set
and test set by parameters w?, and the result is displayed in
Fig. 4. We also calculate the `2-distance between w?A and
w?B , shown in titles of sub-figures.

Fig. 4 clearly shows the width and relative location of lo-
cal minima: models of TR and hybrid methods lie in the
same wide local minimum, while SGD finds a much sharper
local minimum. Moreover, we notice Dist(TR, SGD) ≈
Dist(Hybrid, SGD)� Dist(Hybrid, TR), implying that hy-
brid method is a refinement of TR method (both of them are
close to the exact wide local minimum, but hybrid method is
even closer). In contrast, SGD converges to a very different
solution, where the loss curve is sharp and the model does
not generalize as good as the other two.

4.5. Properties of large batch SGD vs TR

By far, we can only conclude that trust region method gener-
alize better than SGD, especially when batch size is large. In
what follows, we design a novel experiment to help us iden-
tifying the differences between those two methods. Rather
than running a homogeneous algorithm, we interleave SGD
and TR as two tracks, for simplicity we denote SGD(n) as
running n epochs SGD, and TR(n) as running n epochs TR.
In the first track, we run SGD(50) at the beginning, then
we use the last iteration in SGD(50) to initialize TR(100),
lastly based on the latest iterate, run SGD(50) again. In the
second track we change the order: begin with TR(100), then
SGD(50), and end with TR(50).

The purpose of switching between TR and SGD methods
is to detect the character of respective solutions they find.
Before running experiment we do such “thought experi-
ment”: Imagine if large batch SGD converges to a sharp
local minimum, and TR method can successfully escape it,
then initialized by the solution that SGD finds, TR method
will “climb over” the loss hill and down to a wide minimum,
during this process the loss function (as well as accuracy)
first increases and then decreases. On the contrary if TR
method already finds a wide local minimum, then initialized
by that solution SGD shall not escape to other minima, so
we don’t expect a sharp change in either loss or accuracy.
This thought experiment is illustrated in Fig. 5.

Our experimental results are presented in Table 1, where we

run VGG16+CIFAR10 and choose batch size B = 2048.
The overall running process is shown in the picture, and we
further extract some important data into the table in order to
see the differences more clearly.

We explain the results from following angles:

1. As expectation, there is a sharp raise in both train loss
and test error at the 50th epoch in SGD(50)-TR(100)-
SGD(50) track, meaning trust region method does es-
cape from the solution that SGD(50) converges to.
Meanwhile both loss function and test error change
smoothly at the 100th epoch in TR(100)-SGD(50)-
TR(50) track, which is understandable because SGD
can’t escape the basin of wide minimum obtained by
TR.

2. Warm-started by TR(100), SGD can reach the best test-
ing accuracy, moreover, the accuracy merely change
by enlarging batch size. This sets the foundation of
our hybrid method in Fig. 3, where the testing accu-
racy only drops 0.35% from B = 64 to B = 1024, in
comparison SGD testing accuracy drops 6.97%.

3. Due to subsampled Hessian and gradient, TR method
can only fluctuate around the minimizer, this causes a
1.6% drop in testing accuracy compared to the best re-
sult. Another clue is the 1.0% drop in testing accuracy
and raise of training loss at 150th epoch in TR(100)-
SGD(50)-TR(50) track, when SGD(50)→TR(50) hap-
pens.

We want to emphasize that even though we fixed the step
size in SGD while in practice we should damp the step size
after every few epochs, this won’t change the results above,
since a smaller step size makes it even harder to escape
from sharp minima. In appendix we have supplementary
experiments by using other networks combined with other
datasets to show that these findings are not specific to one
network.

4.6. Another possibility

One may argue that our trust region method can escape from
sharp local minima purely because it adopts a larger step
size. We thus design an ablation experiment. Specifically
we follow the standard way to run SGD: at the early stage
the largest possible step size is used, and then divide the
step size by a factor of 5 when the accuracy plateaus. The
result is presented in appendix due to space limit, we find
that SGD still doesn’t generalize as good as trust region
method.

5. Discussion
In this paper we first show that a simple gradient based
method can effectively find the global minimum of trust
region subproblem, even if it is nonconvex. Using our effi-
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Figure 4. Loss(blue lines) and accuracy(red lines) curve of interpolated models, the x-label is α defined in (10), y-label in the left is the
averaged loss and y-label in the right is accuracy. We also calculate the distance of models between α = 0 and α = 1 in the titles.
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Figure 5. Illustration of imaginary process of Track 1(left) and Track 2(right). Note that we use subsampled Hessian and gradient, so the
iterate of trust region method will fluctuate around local minimum.
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Track 1 Track 2

Stage I
SGD(50) TR(100)
(80.1%) (85.6%)

Stage II
TR(100) SGD(50)
(86.2%) (87.5%)

Stage III
SGD(50) TR(50)
(87.8%) (86.5%)

Baseline
ADAM(100) on small batch

(86.6%)

Table 1. Testing accuracy in different stages. In Track 1 we run SGD(50)→TR(100)→SGD(50), in Track 2 we change the order to
TR(100)→SGD(50)→TR(50), so both tracks run 200 epochs in total. Testing accuracy is reported by the end of each stage. For both
tracks we choose batch size B = 2048 and CIFAR-10 dataset. As a reference, we also run Adam algorithm on small batch (B = 64).

cient subproblem solver, subsampled trust region method is
faster (in terms of running time) than state-of-the-art second
order methods. Furthermore, we observe that our algorithm
is comparable to SGD with respect to running time, but can
converge to a solution with better generalization error. We
suggest to combine trust region method with SGD to enjoy

both fast and accurate properties. As an important future
direction, it would be interesting to see why trust region
based algorithm can escape sharp local minima and try to
establish convergence results on subsampled trust region
method.
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