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The classical way (based on the dynamic programming principle) to solve optimal stop-

ping problems assumes that there is a unique known subjective prior distribution driving
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the underlying process. In the context of the classical Black-Scholes framework, in which
the underlying asset process follows the geometric Brownian motion with known drift,
the theory of financial optimal stopping problems has been well established; see, e.g., [5],
[10], [6], [8], [15], [24], [26], [41], [46], [51], [50], [54].

In practice, on the other hand, when designing and controlling physical or organi-
zational systems, one must recognize the inevitable presence of information incomplete-
ness. For a wide range of applications in areas such as engineering, economics and fi-
nance, classical stochastic control theory, which is typically based on a single complete
nominal model of system, fails to provide strategies that yield satisfactory performance.
People today are becoming increasingly aware of the importance of taking information
incompleteness into account when dealing with stochastic control problems. In financial
applications, as was pointed by Ekstr and Vaicenavicius [13], it is usually too strong to
assume that the drift of the underlying asset is known. To obtain a reasonable precise
estimation of the drift one needs very long time series, which sometime are rarely avail-
able, especially for an initial public offering stock for which the price history simply does
not exist. To address this feature, various models have been proposed in the literature;
see, e.g., [16], [21], [49], [38], [40], [39], [36], [57], [42],[58].

Surprisingly, there are only few attempts to investigate financial optimal stopping
problems under incomplete information; see, [11], [13], [44]. In this paper, we study the
optimal redeeming problem of stock loans under incomplete information. A stock loan
is a loan between a client (borrower) and a bank (lender), secured by a stock, which
gives the borrower the right to redeem the stock at any time before or on the loan
maturity by repaying the lender the principal and a predetermined loan interest rate,
or surrendering the stock instead of repaying the loan. Xia and Zhou [46] initiated the
theoretical study of stock loan redeeming (or equivalently, pricing) problem under the
Black-Scholes framework. Through a probabilistic argument, they obtained a closed-
form pricing formula for the standard stock loan for which the dividends are gained by
the lender before redemption. Dai and Xu [6] extended Xia and Zhou’s work to general
stock loans with different ways of dividend distributions through a PDE argument. Cai
and Sun [3], and Liang, Nie, and Zhao [23] considered models with jumps. Zhang and
Zhou [56] and Prager and Zhang [36] studied models under regime-switching.

In regime-switching models, the current trend and volatility of the underlying stock
are known to the borrower, although they may change anytime in the future. By contrast,
in this paper, we assume the borrower does not know the current trend of the stock so
that she/he has to make decisions based on incomplete information. We choose to model
the inherent uncertainty of the trend of the stock (called drift uncertainty) by a two-

state random variable representing bull and bear trend respectively. The corresponding



Hamilton-Jacobi-Bellman (HJB) equation turns out to be a degenerate parabolic one,
which makes our problem much challenging than the existing ones without drift uncer-
tainty. The degeneracy is essentially due to the presence of the drift uncertainty in the
model, thus it can not be removed by change of variable or other standard ways in PDE.
This unique feature leads to the failure of applying the PDE argument used in [6] to tackle
the present problem. In fact, the regularity of the value function is not good enough to
let the HJB equation hold almost everywhere; instead, it holds only in the weak sense
or viscosity sense. In this paper, we provide a thorough and delicate probabilistic and
functional analysis to the value function to obtain its regularity as well as the optimal re-
deeming strategies. The optimal redeeming strategies turn out to be significantly different
when the stock is estimated to be in its bull and bear trend.

This rest part of this paper is organized as follows. We formulate the optimal redeem-
ing problem of stock loans under drift uncertainty in Section 2. Some preliminary results
on continuities of the value function are given in Section 3. We study the boundary cases
in Section 4 and the general case in Section 5, respectively. A short remark is put in

Section 6.

2 Problem formulation

2.1 The market and the underlying stock

We fix a filtered probability space (2, F,F,P), which represents the financial market.
As usual, the filtration ' = {F;};>0 satisfies the usual conditions, and P denotes the
probability measure. In this probability space, there exists a standard one-dimensional
Brownian motion W. The price process of the underlying stock is denoted by S = (:S})s=0

which evolves according to the stochastic differential equation (SDE):
dSt = (,u — 5)St dt + O'St th,

where the dividend § > 0 and the volatility ¢ > 0 are two known constants, while the
return rate p is unknown. By the self-similarity property of Brownian motion, without
loss of generality, we assume o = 1 throughout the paper.

To model the inherent uncertainty of the trend of the underlying stock (called drift
uncertainty), we assume g is independent of the Brownian motion W, and p — § may

only take two possible values a and b that satisfy
A:=a—-b>0.

The stock is said to be in its bull trend when y — § = a, and in its bear trend when
w—9=>o.



Remark 2.1. If A = 0, then the drift uncertainty disappears and our financial market

reduces to the classical Black-Scholes one.

2.2 The standard stock loan and the optimal redeeming prob-

lem of it

A stock loan is a loan, secured by a stock, which gives the borrower the right to redeem
the stock at any time before or on the loan maturity. In this paper, we will only study
the standard stock loan which features that the dividends are gained by the lender before
redemption. For such a stock loan, when the borrower redeems the stock at time ¢,
she/he has to repay the amount of Ke to the lender and get back the stock (but the
stock dividend gained up to time ¢ will be left to the lender). Here K > 0 represents the
loan principle (also called loan to value), and «y represents the loan rate. Such a stock
loan has been considered under various different frameworks (see, e.g., [6], [46], and [56]).

In practice, the loan rate should be higher than the risk-free interest rate
V>

which is henceforth assumed for the rest of this paper.

This paper studies the borrower’s optimal redeeming problem that is finding out the

optimal stopping time to achieve

sup E[e‘T(T_t) (S, — Ke)" ’ Fﬂ , (2.1)

TETt, 1)

where T ) denotes the set of all IFS-stopping times valued in [t,T], and 7 denotes the
risk-free interest rate (or discounting rate of the borrower). Here F® = {F};50 is the
natural filtration generated by the stock price process, which is observable to the borrower.
If v+ = 0, the problem (2.1) reduces to the optimal redeeming problem of the vanilla
American call option under drift uncertainty (see more discussions in [46]). In our model,
the trend of the underlying stock is unknown, so this is not a standard optimal stopping
problem.

To determine the optimal redeeming strategy, the borrower has to estimate the current
trend of the stock first. For this, introduce the a posteriori probability process m = (m;)i=0
defined as

e ::P(u—éza’}f).

Roughly speaking, it estimates the probability that the stock is in its bull trend at time

t. We assume 0 < 7y < 1, otherwise the drift uncertainty disappears.



Sometimes, it is more convenient to consider the log-price process L = (logS;)i=o

which by It6’s lemma follows
dL; = (p—6 — 3)dt + dW,.

We notice that IF° is the same as X, the filtration generated by L. According to the

innovation representation (see, e.g., Proposition 2.30 in [1]), the process
T ¢ 1| L ! 1
We=Li— [ Elu-6-4|Flav=L,— [ (Am+b—1)av
is a Brownian motion under the (observable) filtration FZ. It then follows
dLy = (Am +b— L) dt + dW,, (2.2)
and applying [t6’s lemma yields

We notice that A, + b < a, which will be used frequently in the subsequent analysis
without claim. An application of the general Bayes formula (see, e.g., Chapter 7.9 in

29]) and It6’s lemma give
d7Tt = A’ﬂ't(]. - 7Tt> th (24)

Therefore, solving the problem (2.1), regarded as an optimal stopping problem of the
Markovian processes (2.3) and (2.4), reduces to determining

V(s,m,t):= sup E {e_T(T_t) (S, — Ke')™* ‘St =S5, = W} (2.5)

7T, 1)

for (s, m,t) in the domain
A= (0,+00) x (0,1) x [0,T).

This problem is an optimal stopping problem of an observable Markov process (S, m¢)¢>o0,
hence the dynamic programming principle may be applied and one would expect to use
the variational inequality techniques in PDE to tackle the corresponding HJB equation.
Dai and Xu [6] used this method to study the optimal redeeming problem of stock loans
in the case without drift uncertainty. Without drift uncertainty, the HJB equation in [6]
is uniformly parabolic; in contrast, in our problem it is degenerate parabolic, which is
difficult to obtain its regularity from PDE viewpoint,! making our problem much chal-

lenging than before. In this paper, we will present a thorough and delicate probabilistic

1See [4] for an example of the study of a degenerate parabolic equation.



and functional analysis to the value function to obtain its regularity as well as the optimal
redeeming strategies.
Because the obstacle in the problem (2.5) is time variant, it is convenient to introduce

the discounted stock process X; = e~ %S;, which follows

If we define
u(z, 7, t) ;== sup E[e(W_T)(T_t) (X, —K)" ‘Xt =T, =T (2.7)
’7'67—[157’1"]

Then one can easily see that
Vs, t) =eu(e s, m,t), (s,m,t) € A (2.8)

Thus solving the problem (2.5) reduces to solving (2.7). From now on, we call u(z,7,t)
defined in (2.7) the value function, and pay attention to it rather than V' (s,,1).

Define the continuation region
C:={(z,mt) e Alu(z,m,t) > (xr— K)}, (2.9)
and the redeeming region
R :={(z,mt) € A|u(x,m,t)=(x— K)"}. (2.10)

By the general theory of optimal stopping, the optimal redeeming strategy for the problem
(2.7) as well as (2.5) is given by hitting time of the redeeming region R, that is,

™ =inf{t € [0,T) | (X¢, m,t) € R}AT
=inf{t € [0,T) | (e Sy, m,t) E R}AT.

It is not optimal to redeem the stock in the continuation region C.

The main purpose of this paper reduces to studying the value function u(z, 7, t) and
determining the redeeming region R and the continuation region C.

In the problem (2.7), it is easily seen by choosing 7 = T that v > 0 on A. Conse-
quently,

Co{(zr,mt)e Alz <K}, RC{(x,mt)eA|lz>K}. (2.11)

Therefore, the the continuation region C is always non-empty. In contrast, the redeeming
region R, depending on the parameters as shown below, can be either empty or non-

empty.



3 Preliminaries and continuities

In this section, we study the continuities of the value function defined in (2.7) mainly via

probabilistic analysis.

3.1 Preliminaries
We will use the following elementary inequalities frequently in the subsequent analysis.
Lemma 3.1. For any real-valued functions f, g, and real numbers z, y, we have

1. [sup f —supg| < sup|f —gl;

2. 2t —yt < |x —vy|; in particular, |(z — K)T — (y — K)*| < |z —y|;

3. e —e¥| < (e* 4 e¥)|x —y.

Proof. The last inequality follows from the mean value theorem. The others are easy to
check. O

The following result gives an upper bound for the value function. As a consequence,

the problem (2.7) is meaningful.
Lemma 3.2. We have
w(z,m t) <z T0 0 (po7t) e A

Proof. For any 7 € Tj 17, applying It6’s lemma to (2.6) gives

T 1 W. W e NN )TV T
X. :Xteft (Amy+b—y—3) dv+ W, —W; < Xte(“ Y= T+ W, Wt’

and thus
u(z,m,t) = sup E [e(r=m)(T=0) (X, - K)" ‘Xt =z,m = 7T]

TE7-[t7T] a

< sup E _6(7_T)(T_t)XT‘Xt =x,m = W}
767—[17'1“] -

< sup E _Xte(“_r_%)(T_t)JrWT_Wt Xi=x,m = W}
TG7—[t,T] -

= sup E —l,e(afr)(fft)ef%(Tft)JrW.,—th T, = ,/T}
TE'T[t,T]

< sup E [xe(afr)‘*'(Tft)ef%(Tft)JrWT*Wt T = ,n.}
767-[1771]

= gela)" (T O

The next result states the monotonicity of the value function.

7



Lemma 3.3. The value function u(z,m,t) on A is non-decreasing in w, non-increasing

in t, non-decreasing and convex in x.

Proof. Both X, and 7, are stationary processes, so we have

w(z,m,t) = sup E [6(7’7")(7’0 (X, —K)" ‘Xt =x,m = 7'('}

T€T, 1

= sup E [6(7—T)(T—t) (Xtej:—(Aﬂ'u‘i‘b—’Y—é)dV-‘rW-r—Wt . K)+
’7'67—[157’1’]

Xt:x,ﬂtzﬂl

7Tt:7T‘|

o = W] . (3.1)

. . +
= sup E [e(v—r)(T—t) <ZE6L (Aﬂ'y+b777%)du+W7—7Wt o K)
7'67’[1}7]"]

= sup E le(vr% (:L.efoT(AWV—l-b—'y—%)du-&-WT B K>+

TET 0,71

It follows that u(z,m,t) is convex and non-decreasing in z, and non-increasing in t.
Now let us show wu is non-decreasing in m. Without loss of generality, we may assume
t = 0. Itd’s lemma yields

Tt
dl
o 5

) =dlogm — d log(1l — ;)

= A(l — 7Tt) th — %A2<1 — 7Tt>2 dt + Aﬂ't th + %Azﬂ'? dt
= AQ (’/Tt - %) dt+ Ath,

so that

ue B T 5 [t B —
log<1_ﬂt>—log<1_ﬂo>+A /0 (m, 2>dy+AWt.

If ; and 7] are the solutions of (2.4) with initial values my > 7, (both in (0, 1)), respec-
tively. Then 7 = inf{t > 0 | m < m;} > 0. If 7(w) is finite, then by continuity we have
T (w) = 7 (w) € (0,1) and thus

T o
0=1 a —1 -
Og<1—m) °g<1—7r;>
7o ﬂ—é) 2/7— ’
— ] _
log(l_ﬂo) og(l_%)—i-A 0(7@ m,)dv > 0,

a contradiction. So 7(w) = +o00 and consequently m(w) > m;(w) for all ¢. Therefore 7, is

non-decreasing w-wisely with respect to the initial value g, so from the last expression

in (3.1) we see that u is non-decreasing in 7. O
Lemma 3.4. We have, uniformly for all0 < y < z < oo, m € [0,1] and t € [0,T], that
0 < ulz,m t) —u(y,mt) < (x —y)ele T, (3.2)
Especially, if r > a, then
0 <u(x,mt) —uly,mt) <z—y. (3.3)

8



Proof. Applying Lemma 3.1 to the last expression in (3.1), we have

’u(l’,’ﬂ',t) - U(y,ﬂ',t” < |$ - y| sSup

Ele(v r) f (Amy+b—y— )dl/—f—WT
TET 0,71

7T0:7T‘|
7T0:7T‘|

< | — ylele) T, O

N
< |ZE _ y| sup E e(a—T)T€—§T+Wr
TGTO T—t]

Lemma 3.5. We have, uniformly for all z € (0,00), 0 < w <7< 1 andt € [0,T], that
0 <u(z,m,t) —u(r,w,t) < CAz(T — t)(m — w), (3.4)
for some constant C' > 0.

Proof. Let m; and 7} be the solutions of (2.4) with initial values 7 > w, respectively. And

denote

Y;:/Ot(Am,+b—fy—;)dl/+Wt (a—v+3)t+W,—
and

Sft’:/()t(Aw,’,+b—7—§)du+Wt (a—y+3)"t+W,—t.
Then

sup |Y; — V]| < AT81<1¥ s — 7.
<

SUp ol
Similar as before, applying Lemma 3.1 to the last expression in (3.1) and using Cauthy’s

inequality, we have

lu(z,m,t) —u(r,wm,t)| <z sup E [6(7_7)7 e — | |m = 7, Ty = w}
T€T (0,71
< 20T sup [ o = T, Ty = w]
TETO T—t]
< 20T sup [( ) =T, Ty = w}
TETO T—t]
(y=r)(T—1) (a— 7+ _ r_
< we sup [ =T, = w]
TETO Tt
(gt _ — 1/2
< 9per—rH(a 7+2) V(T —t) sup E[ezwf 27| = 7r,7r6 _ w])
TE€T 0,71

X P (E[(YT —Y))*|mo = ™, To = WDW

T€T 0,71

1/2
< Czx (AQ(T — t)2E[ sup (ms — 7T;)2‘7T0 =T, Ty = w})

s<T—t

< CzA(T —t)(m — w).

9



where the last inequality is due to (1.19), p.25, in [35]. Here and hereafter the implied

constant C' may vary on each appearance. O
Lemma 3.6. We have, uniformly for x € (0,00), m € [0,1] and 0 < s <t < T, that

0 < ulz,m s) —u(z,mt) < Cx(t — s)2, (3.5)
for some constant C' > 0.
Proof. Denote

Yt:/ot(Aﬁy—i-b—r—%)dV—l—Wt <(a—r—2t+ W,
For any 7 € Tor—g, set 7' =7 AN (T —t) € Tor—y. Then 0 <7 — 7' <t — s and
OIT(X, — KY = (e07TX, - KeOmIT < (Xpetr — KTy,

Using Lemma 3.1, we have

0 <ulx,m,s)—u(x,m,t)
< sup E[e(V_T)T(XT — K)" —el™7(X, — K)+’X0 =z, = W}

TET 0,7~ 4]
< sup  E|(ze¥m — KeO™™)F — (ze¥r — Ke(W_T)T/)J“‘WO = ﬂ}
T€T0,7— 4]
<z sup E ’eYT — ¥ Ty = ﬂ}
7_6,7IO,T—S]
<z sup E{(eYT + eYT’) Y, — Y. ||m = w}
T€7—[O,T—S]
9 1/2 9 1/2
<z sup (E{(eY* + eYT’) Ty = W]) sup (E[(YT — er> Ty = 7TD
TET0,7—5] 7€T0,7—s]

- N2
< Cx sup E[(/ (Aﬂy+b_r_é>dV+WT_WT/>

7-67—[0,T—s]

1/2
Ty = W])

1/2
<Cx| sup E{(C(t—s)—l—\WT_WT/’)?])

TET 0,75

1/2
2
<Cx|(t— 3)2 + sup E {(WT — Wr/) —(r- T/)} + sup Efr— T,])
TE€T (0,7~ €TI0, 75

< Cz(t — 5)Y/2. O

Since monotonic function is differentiable almost everywhere, the above lemmas lead to

10



Corollary 3.7. The value function u(x,w,t) is continuous in A = [0, 00) x [0, 1] x [0, T].
The partial derivatives u,, u, and u; exist almost everywhere in A; and uniformly in A,

we have
0<u, <C,
< Cr,

ut<07

0 < u,

for some constant C > 0. Moreover, |u| is integrable in any bounded domain of A.

4 Variational inequality, and the boundary cases

4.1 Degenerate variational inequality

Applying the dynamic programming principle, we see that the value function satisfies the

variational inequality

min{—ﬁu, u— (x — K)*} =0, (z,mm1t) €A
uw(z, ,T) = (x— K)T,

(4.1)

where
Lu = uy + %x2um + %AQWZ(l — ) Uy + AT(1 — T)2Uer

+ (AT +b—y)au, + (v — r)u.

We will thoroughly study the free boundary of this variational inequality in the subsequent
sections.

The operator £ in (4.1) is a parabolic operator, which is degenerate in the whole
domain A. The regularity of u(z,7,t) is not good enough to let (4.1) hold almost every-
where. It holds only in the weak sense or viscosity sense. The definition of weak solution
can be found in [14] and [4], and the definition of viscosity solution can be found in [53].

Usual way to get the weak solution of (4.1) is regularization. That is to add a term

Elgy to Lu for € > 0. One can first show there is a “good” u, that solves

min{—(ﬁ + E0pn)Ue, U — (T — K)*} =0, (z,mt)€A;
us(x,m,T) = (x — K)*,

(4.2)

where suitable boundaries conditions should be put on the boundaries 7 = 0,1. Then
show the limit lim._,o; u. solves (4.1) in the weak sense. In doing so, the difficulty is to
get estimates, just like in Lemmas 3.2-3.6, for u. uniformly with respect to €. This is a
long way, see [4], where the regularity of the value function is the same as in Lemmas

3.2-3.6 in the present paper.

11



Remark 4.1 (On boundary conditions). Because the operator L in (4.1) is degen-
erate, according to Fichera Theorem [33], boundary conditions for (4.1) must not be put
onx=0,7=0 orm=1. But, on the other hand, we can determine the boundary values

m priority.
o Let x =0 1in (4.1), then u(0,m,t) is the solution of the system
min {—ut(O,W, t) — A7 (1 — ) Unr (0, 7, ) + ru(0, 7, 1), w(0,m, t)} =0,
(m,t) € (0,1) x [0,T);
u(0,7,T) = 0.
Obviously, u(0,m,t) = 0 is the unique solution of this problem.

o Letm=0in (4.1), then u(x,0,t) is the solution of the system

min {—ut(:z:, 0,t) — 32%Uge(2,0,8) — (b — 7)zuy(x,0,t) + ru(z,0,1),
W@, 0,8) = (x— K)*} =0, (2,8) € (0,400) x [0,7);  (43)

uw(z,0,T) = (x — K)*.
o Letm=11n (4.1), then u(x,1,t) is the solution of the system
min {—ut(:c, 1,t) — 30%uge (2, 1,t) — (a — v)zug (2, 1,t) + ru(z, 1,t),
u(z, 1,t) — (= K)*} =0, (2,1) € (0,400) x [0,T); (4.4)
u(z,1,T) = (x — K)*.

The problems (4.3) and (4.4) are free of drift uncertainty, and they have been thoroughly
studied by Dai and Xu [6] under the assumptions that b < r and a < r, respectively.

4.2 The boundary cases: 7 =0, 1

Before studying (4.1), it is necessary to know the situation on the boundaries 7 = 0, 1.
These two cases are similar: one only needs to interchange a and b. So we assume 7 = (
in the rest part of this section. As a consequence, there is no drift uncertainty and the
model reduces to the classical Black-Scholes one.
Let 7 = 0in (4.1), then ug(z,t) := u(z,0,t) is the solution of

min {—Eouo, uy — (xr — K)+} =0, (z,t) € Ay

uo(z,T) = (z — K)™,
where

Lo = uy + 3%, + (b — 7)2u, + (v — 7)u,
Ap :=(0,400) x [0,T).

12



Remark 4.2. According to the calculation in (5.9) below, there is no free boundary if
b> .

As v > r, we will only need to consider the following two cases: v >r > b,and v > b > r.
In [6], the problem (4.5) was thoroughly studied in the case of r > b. Especially, they
have shown there exists a non-increasing redeeming boundary X,(¢) with the terminal

value

Xo(T) = lim Xo(t) = maX{K, ;:Z }

Now we deal with the case of v > b > r. Define two free boundaries for ¢ € [0,7),
Xi(t) :=inf{z >0 | up(z,t) = (x — K)"},
Xo(t) :=sup{z > 0 | up(z,t) = (x — K)*},
with the convention that Xi(7T) := limy_,r X;(¢), Xo(T) := lim;_7 X2(t), and sup® =

+00. We say X;(t) disappears if the set {x > 0 | uo(z,t) = (z — K)*} is empty; Xo(t)

disappears if it is +00. Clearly, we have
{(x,t) € Ay |ug = (x — K)*} ={(x,t) € Ay | X1(t) < = < Xa(t)}.

Lemma 4.1. Ifv > b > r, then X;(t) is strictly decreasing and Xo(t) is strictly increas-

ing with the the terminal values X1(T) = K and Xo(T) = =" K.

Figure 1: #=0and v > b > r.
Proof. 1f
~L2%r—K)=(r—bz+(y—7)K >0,

then x < J=" K, so we have

{(z,t) € Ay |ug = (. — K)*} C{(x,t) € Ay | K < v < =LK},

13



Since g is non-increasing in ¢, we see that X;(¢) is non-increasing and X(t) is non-
decreasing. Moreover, we can prove that, by Hopf lemma in PDE, anyone of them, if

exists, is strictly monotonic.
Now let us prove X;(7T) = K. First we have X;(T) > K. If X;(T) > K, then for
sufficient small € > 0 and (z,t) € (K, X1(T)) x (T —¢,T),

~L% =0, u(x,T)=1—K,
hence
Owug(z,t) = —(b—r)z+ (v —1)K,

which is positive at (z,t) = (K, T), contradicting dyuy < 0. So X;(7) = K. In the same

way Xo(T) = 7=-K can be proved. ]

Proposition 4.2. In the case of v > b > r, we have

o If vy = b+ 5+ V2b—2r, then the two redeeming boundaries X (t) and X(t) ewist

and

Xi(t) < (14 o5t ) K < Xo(t) (4.6)

\V2b—2r

forall0 <t <T.

Figure 2: W:O,72b+%+\/26—2randb>r.

o If v < b+ % + v/2b —2r, then there exists ¢ < T such that the two redeeming
boundaries X1(t) and Xy(t) exist for T — ¢ <t < T, intersect at T — {; and both of
them disappear fort < T — (.2

2Here, ¢ does not depend on T. And an upper bound for £ can be given explicitly as shown in the

proof.

14



Figure 3: 7T:0andr<b<’y<b+%+\/2b—2r.

We would like to give a financial interpretation for this result before giving its proof.

In the first case, the loan rate is relatively high. The borrower should redeem the
stock when its price increases to the redeeming boundary X;(t) because the loan rate is
too high to wait. While if the stock price is higher than X5(t), it seems that one should
wait for its price down to Xs(¢) to redeem the stock. In fact, however, no client shall sign
such a stock loan with bank at the very beginning, because the principle is too few (or
the loan rate is too high) compared to the value of the collateral (namely the stock).

In the second case, the loan rate is too low such that the stock loan can be almost
regarded as an American call option (which shall not be exercised before maturity by
Merton’s theorem). Hence the borrower of the stock loan should wait if the time to

maturity is very far.

Proof. Set vy = b+ % + V2b—2r.

e Suppose v = . Set A\g = 1 +v/2b — 2r, 29 = 22K and define

No—1
v(x) = (/\%)/\0 (%))\0_1, x> 0.

From v(zg) = K = zy — K, v/(z9) = 1, and the strictly convexity of v, we

1
Ao—1
conclude

v(z) = (z — K)", if x = x;

v(z) > (z — K)*, if x # x.

15



Moreover,

—L% = —v; — 120, — (b= y)zv, — (v — 1)
= (=300 = 1) = (0=7)A = (v = 7))v
= (=X — 1) = bAg +7(No — 1) +1)v
> (—320(Ao — 1) = bAg +70(Ao — 1) + 7)v
= (=10 = 1) = bro + (Ao +b— )Xo — 1) + 7)o
=GR =17 b1
=0,

Therefore, v is a supper solution of (4.5), and hence
(z — K)" <uo(z,t) <v(z), (1) €A
from which we get ug(zo,t) = (xg — K)* for 0 <t < T. Notice

w0 =5tk = (1+ 55) K.

0 (4.6) follows from the strictly monotonicity of X;(¢) and X(t).

Now suppose 7 < 7y. We note that by (3.1)

T 7d +
Uo(,ZC’ t) = sup E [e(VT)T (J:efo (A7ru—|—b—ry_%)dy+w7_ _ K)

TET0,7—1]

WO_O]

= sup E {6(7_’")7 (xe(b_“*_%)”WT — K)+

TET0,7—1]

> E [ew—r)(T—t) (e D041t _ K)*]

_ xe(b_r)(T_t) N <10g z—log K—z(ji—tb—%)(T—t) >

os K —(y—bt 1) (T—
_ KelmnT-n N (ng log K ;LHQ)(T t)) . g(x, 1),

where N stands for the standard normal distribution. We note that for x > K,

—r\(T— log z—log K —(y—b—1)(T—t)
Ougla, ) = I ((aosl g DI )

> IO N (—(’y —b— VT — t) .

If we can prove the right hand side in above is > 1 for sufficiently large T'— ¢, then
g(z,t) > x— K for all x > K as g(K,t) > 0 by definition. Consequently, we deduce
up(z,t) > (x — K)* for sufficiently large T — ¢ and the claim follows.

— If y < b+ 1. Then d,9(z,t) = e®WTIN(0) > 1 for sufficiently large T — t.
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—Iftb+ % < 7y < 7. Using the well-known inequality

1 T 1

N(—z) > ————5—=€" 2
(==) V27 (22 + 1)

we have for sufficiently large T — ¢,

Orgla,t) > O TN (—(y

VT —t)
1 (p=b—gVT—t
T V(v —b—3

in view of b—r — (v —b—

2E>b—r—3

Proposition 4.3. In the case of v > b = r, there is only one non-increasing redeeming

boundary Xi(t) with the terminal value X1(T) = K. Moreover, the redeeming boundary
satisfies the following properties.

o Ify>r+3, then Xy(t) exists and X;(t) <

2(y—r :
T K for0<t < T
t A
2(y=r)
K e
T * (y—r)
C R
\
\
e
Xi(t) |
i
i
\

Figure 4: ﬂ:O,b:rand’y>r+%.
) [f7<r+§, thenT

—t—4o00
3In this case, one can prove  lim X (T —t) = 2(r—r)
T—t—+oo
to the interested readers.

2(y—r)—1

K. Due to space limit, we leave the proof
4We suspect that X; disappears for some finite time ¢ in this case, but cannot prove it.
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Figure 5: W:Oandb:r<’y<r+%.

Proof. Assume v > b =r. By Lemma 3.4, we have

0<U0($7t)_u0(yat)<l"—ya $>y>0,

that is
—K < ug(x,t) —z < up(y,t) —y.

Therefore, if uy(y,t) = y — K for some y, then ug(z,t) = x — K for any x > y. Hence the
free boundary X5 (t) disappears.

° Suppose7>7’+%. Let \y =2(y —7) > 1, 11 = 2K and

Py
A A—1
o JE)T R o
w(x) =
(x — K)*, x> 1.

It can be seen that w(x) is a supersolution of (4.5), hence

up(a,t) = (v = K)*, 2> = 000K

The claim follows immediately.
e Suppose v < 1+ % Since z is a supersolution of (4.5) with b =, ug(z,t) < x. Let

uy(x) = Tfltiﬁ\niroo up(z,t) < x.

Then it solves the corresponding stationary problem of (4.5)
min{ — 1220, () + (v — r)(20u (z) — ug(2)), u(z) — (z— K)© } =0, z>0.
Let

Ty = lim Xl(T —t) S [K, +OO]

T—t—+o0
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Then ug® and x, satisty

— 222 05,uf (z) + (v — r)(z0u (z) — uF(x)) =0, 0 <z < zp;

(r — K)" <ug(r) <, x> 0.
Moreover,
if zy < +o0, then u®(zo) = xo — K, and d,ug’(zo) = 1.
The general solution of the equation (4.7) is

() Ciele+Cor,  fy=r4g
uy () = x < xo.
C122077) 4 Coz, ity <r+ %;

ug® (z)

+
Letting x go to 0 in the condition (1 — %) <

(4.7)

< 1, we obtain C; = 0. Hence

ul(z) = Cyx for 0 < x < xzg. Consequently, the condition (4.8) cannot be satisfied

for any xy < 0o. So x¢g = +00, and the claim follows.

The proof is complete.

5 General case: 0 <7 <1

Now we go back to the general case 0 < 7 < 1.

We will discuss the behaviors of the redeeming boundaries. From Lemma 3.3 we see

that

Moreover, (3.3) reveals
Oy (u(a:,ﬂ,t) —(z — K)+> <0, ifr>a 2> K, (z,7,t) € A
Define, for each fixed (7,t) € (0,1) x [0,7),

Xi(m,t) := min{z | u(x, 7, t) = (x — K)*, (z,7,t) € A},
Xo(m,t) := max{z | u(x, 7, t) = (x — K)*, (z,7,t) € A}.

Then
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Lemma 5.1. We have

C={(z,m,t) e Az < Xq(mt) orz > Xy(m,t)}, (5.6)
R=A(z,m,t) € A| Xq(m,t) <z < Xo(m, 1)} (5.7)

Moreover, X;(m,t) is non-increasing in t and non-decreasing in 7, while Xo(m,t) is non-

decreasing in t and non-increasing in w, if they exist; Xi(m,t) > K.

Proof. For each fixed (m,t) € (0,1) x [0,7), by Lemma 3.3, the function z +— u(x, 1) is
convex, so u < x — K must be an interval of x, which clearly implies the expressions C

and R. The monotonicity of X;(m,t) and Xo(m,t) is a simple consequence of (5.1) and
(5.2). O

Similarly, for each fixed (z,t) € (0,00) x [0,T), define
(z,t) := max{rm | u(z, 7, t) = (x — K)*, (z,7, t) € A}, (5.8)
with II(z,t) = 0 when the set on the right hand side is empty. Then by (5.1) and (5.2),

Lemma 5.2. We have

C={(z,mt)e A|m>1(z,1)},
R ={(z,mt) € A| 7 <Il(z,1)}.

Moreover Tl(x,t) is non-decreasing in t.

The target of this paper reduces to studying the properties of these redeeming bound-
aries Xy (m, t), Xo(m, t), and II(z, ).

Since v > r, we only need to consider the following cases:
Case 0: b=~y >r
Case l: r > a
Case 2: v >b>r
Case 3: y>r >band a>r
Case 4: v >r=1»

We start with the simplest Case 0.

20



51 Case0: b=>~vy>r

If b >~ > r, a simple calculation shows for x > K

—L(zr—K)=—-Lz+ LK
=(r—(Ar+b)z+(y—r)K
<(r=bzx+(y—rK
<(r—b)K+(y—rK
=(-0K
0, (5.9)

N

then we see that R = () and C = A.

Theorem 5.3. Suppose b > ~ > r, then the optimal redeeming time for the problem
(2.7) is
T =T.

Economically speaking, it is never optimal to early redeeming the stock because the loan

rate is very low.

5.2 Case l: r>a

Recalling our definition of the continuation region (2.9) and the redeeming region (2.10),

we see from (5.3) that the redeeming boundary X, disappears if r > a.

Theorem 5.4. Ifr > a, then

C=A{(x,mt)e A|xz < Xy(m, 1)},
R=A{(z,mt)e Az > Xi(m,t)}.

Economically speaking, one should redeem the stock if the sock price is high enough when

the discounting rate is too high compared to the return rate of the stock.

Now we can summarize the result for the problem (4.1).

Theorem 5.5. Suppose r > a, then the redeeming boundary can be expressed as r =
Xi(m,t), where Xi(m,t) is non-decreasing in 7, non-increasing in t, and X;(m,T) = K

for any 0 < m < 1. The optimal redeeming time for the problem (2.7) is given by

™ =min{v € [t,T] | X, > Xi(m,,v)}.
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5.3 Case2: y>b>r

In this case the inequality in (5.3) may not hold.

Theorem 5.6. Suppose v > b > r, then

Xl(ﬂ',t)>K, Xg(?T,t)<Z::K.
T
1
C R C
0 .
K K

Figure 6: In the plan t-section, v > b > r.

Proof. Recall (5.9),
—L(z—K)=(r—(An+b)z+ (y—1r)K,
and note r — (Ar +b) <r—b<0,s0if —L(z — K) > 0, then

K.

y—r y—r
z < A7r+ber < b—r

Thus (5.10) follows from this and (2.11).

(5.10)

(5.11)

]

Remark 5.1. I[fa > v > b, then 0 < L2 < 1. Suppose m > %b, then At +b > 7,

A
hence, by (5.11), for x > K,

—L(x—-—K)=r—-—(Ar+b)z+(y—r)K < (r—vy)z+ (y—1r)K <O0.

Recalling (2.11), we see that {(x,w,t) EA| << 1} C C (see Figure 7).
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ﬂ'l
1
1=b
A
C R C
0 >
K =T

Figure 7: In the plan t-section, a > v > b > r.

54 Case 3: y>r>banda>r

We consider two subregions separately.
° %b<7r<1:ByRemarkS.l,ifa>7>7’>b,then
{(x mt) e AL < 7T<1}§C

and hence no redeeming boundary in this region. The above relation holds when

v = a>r >bas the left set becomes the empty set.

e 0 <7 < 2 In this region if @ xK—i-%b<7r<%b,wehave(A7r+b—r)x>
(y—r)K, so by (5.11),

—L(z—K)=(r—(An+b)z+ (y—1r)K <0,

hence
{(mwt)EA] VT + R <r<F b}CC

Recalling Lemma 5.2, we summarize the result obtained thus far in
Theorem 5.7. If v >1r > b and a > r, then

C={(@,m1) € Al 7 >Tl(z, D)},

R ={(z,mt) € A| 7 <II(z,t)},

where the redeeming boundary I(x,t) is first non-decreasing and then decreasing in x.
The non-decreasing part is v = Xy(m,t), and the non-increasing part is v = Xo(m,t).

Moreover, it is universally upper bounded by

b
(z,t) < %~
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when a > 7.

Figure 8: In the plan t-section, a > v > r > b.

Economically speaking, one should not redeem the stock if excess return rate of the

stock is very likely to be a (which is higher than the loan rate).

5.5 Case 4: y>r=»b

In this case, we have

Theorem 5.8. Ifyv>r =0, then

C={(z,mt) € A| 7 >T(z,1)},
R={(z,mt) € A| 7 <I(z,1)},

where the redeeming boundary 1(x,t) is first non-decreasing and then non-increasing in

x with
lim II(z,t) = 0.

T—r—+00

And I(z,t) < I~ when a > 7.

Proof. We first prove that II(x,t) is positive for all sufficiently large z. Suppose not,
because Il(z,ty) is non-increasing for large z, then there is a point (z,0, %) such that
II(x,ty) = 0 for all z > xy. From Proposition 4.3 and the definition of Il (5.8) we see
that

u(z,0,ty) = — K, x> xo;

u(z,m tg) > — K, x>z, m>0.
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By u; <0, we have

u(z,0,t) =o— K, x>z, t=1 (5.12)
Z

u(z,mt) >z —K, =z

Hence

e+ 3%+ LAME(L = )+ A(L = )ruse

+(Ar+b—v)zu, + (y —r)u=0, x>z m>0,1t<t.
Letting 7 go to 0,
U+ 2%u + (0 —Y)zuy + (v —r)u=0, x>z, =0, t <ty (5.14)
By (5.12), we have for x > xg, m = 0, t = 1y,
ur(2,0,t0) <O, Upe(2,0,80) =0, u,(z,0,t9) =1, wu(x,0,ty)) =z — K.
Substituting them into the equation (5.14) with t = ¢,
u(z,0,t0) + (b—vy)z+ (v —7r)(x — K) =0.

Applying r = b, we obtain w(z,0,ty) = (y —r)K > 0, a contradiction.
The non-decreasing part of m = Il(x,t) corresponds to z = X;(m,t) in (5.4), and the
non-increasing part corresponds to x = Xs(7,t) in (5.5).

For m > %, we have by (5.11),
—L(zx—K)=(r—(Ar+b)z+(y—r)K=—-Arz+ (y—1)K <0,

hence by (2.11)

T

{wmtyeAln>08 ce

This clearly implies lim, o II(2, 1) = 0 and II(z,?) < *5* when a > v as H(z,t) > K.[J

See Figures 9, 10 for illustrations of our result when a < v and a > 7.
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ﬂ_l
1
_ (y=nK
C /ﬂ- - ’YAE
0 e

Figure 9: In the plan t-section, v > a > r = 0.

Figure 10: In the plan ¢-section, a > v > r = b.

6 Concluding remarks

Due to space limit, this paper has only studied the optimal redeeming problem of the
standard stock loan. Clearly, one can use our method to study stock loans with other
ways of dividend distribution. Such problems, however, will involve higher dimensional
processes so that more involved analysis is required. We hope to investigate them in

future works.
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