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Abstract A local search algorithm can be treated as a discrete dynamical system, and therefore
its search behavior can be studied from the perspective of dynamical systems. The
attractor theory in dynamical systems provides the necessary and sufficient theoretical
foundation to study the search behavior of local search systems. This paper introduces
the solution-attractor theory of local search system. In a local search system, search
trajectories converge into a solution attractor in the solution space. This solution-
attractor theory not only provides a model to describe the search behavior of a local
search system, but also offers an important method to solve the Traveling Salesman
Problem (TSP) efficiently with optimality guarantee.

Keywords combinatorial optimization, global optimization, traveling salesman problem, local
search, dynamical systems

1. Introduction

Although both the TSP and local search have huge literature, there is still a variety of open
problems. The study of local search for the TSP continues to be an important problem
in computer science, combinatorial optimization, and computational mathematics. In this
paper, a local search algorithm is treated as a discrete dynamical system, and therefore its
search behavior is studied from the perspective of dynamical systems.

The goal of dynamical systems analysis is to capture the distinctive properties of certain
points or regions in the state space for a given dynamical system. The dynamical systems
theory has discovered that many dynamical systems exhibit attracting behavior: all initial
states tend to evolve towards a single final state or a set of states. An attractor is a single or
a set of points in the state space, invariant under the dynamics, towards which neighboring
states in a given basin of attraction asymptotically approach in the course of dynamic
evolution [2, 9, 11, 13, 19, 23]. The attractor theory in dynamical systems provides the
necessary and sufficient theoretical foundation to study the search behavior of local search
systems.

This paper introduces the solution attractor theory of local search systems that describes
the search behavior of a local search system. The TSP is used as a study problem. The
fundamental concept within the solution attractor theory is the notion that a local search
system has an attractor, which drives the search trajectories to converge to a small region
in the solution space that contains the most promising solutions to the problem at hand.

In a local search system, all search trajectories will eventually converge to a limit set A
that is invariant with respect to a certain dynamical search law f (t). This limit set is called
a solution attractor of the local search system for a given problem instance. For the TSP,
let s denote a tour in the solution space S, ft(s) denote a local search system, A denote the
solution attractor of ft(s), there exists a solution attractor A⊂ S that attracts all search
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trajectories. That is, ft(s) tends towards A as search time T →∞. No matter where a search
trajectory is initiated in the solution space, it must end up at one point of the limit set A.
Let s’ be a locally optimal tour and s∗ a globally optimal tour. The edges contained in a
globally optimal tour s∗ are called G-edges, namely the set G. δ denotes a bonds distance
between two tours, and g denotes a subset of G in a locally optimal tour s’. Thus, the
solution attractor of a local search system for the TSP can be characterized by the following
properties:

(1) Attractivity : i.e., ∀si ∈ S, ft(si)∈A for sufficiently long time t ;
(2) Invariance: i.e., ∀s′i ∈A, ft(s

′
i) = s′i for all time t ;

(3) Compactness: i.e., the distance between the globally optimal tour s∗ and any tour si ∈A
is less than or equal to δ;

(4) Irreducibility : i.e., the solution attractor A consists of limit number of invariant points;
(5) Neighborhood topology : i.e., all tours in A are neighbors by sharing some common edges;
(6) Completeness: i.e., for a sufficiently large K, all K locally optimal tours together contain

the whole set of G ; that is, g1 ∪ g2 ∪ ...∪ gK =G.

The focus of this paper is not on formally proving these properties, but on a way of
thinking about how using these properties to solve the TSP efficiently. So far there exist
no efficient algorithms to solve the NP-hard TSP, only the brute-force search can provide
a solution. Therefore, the general question this paper attempts to answer is ”The TSP can
be solved by a brute-force search algorithm, but can it be done efficiently?”.

This paper is organized as follows. Section 2 gives a general definition of the TSP and
describes the search behavior of a local search system on the TSP. Section 3 introduces the
solution attractor theory of local search systems and describes some important properties
of the solution attractor. This section also describes an important data structure, called
hit-frequency matrix E, that is used to capture the convergent evolution of the search tra-
jectories. Section 4 presents an attractor-based search system that can be used to solve the
general TSP efficiently. The final section concludes this paper.

2. The TSP and Local Search System

In this paper, the TSP is defined in more general term as a complete graph Q= (V,E,C),
where V = {vi : i= 1,2, ..., n} is a set of n nodes; E = {e(i, j) : i, j ∈ V, i 6= j} is an n×n edge
matrix containing the set of edges that completely connects the n nodes; and C = {c(i, j) :
i, j ∈ V, i 6= j} is an n× n symmetric cost matrix holding a set of costs associated with the
set of edges. Usually the edge matrix E is not necessary to be included in the TSP definition
because the TSP is a complete graph. However, the matrix E is included in our definition
because it is a natural data structure that we use to study the asymptotic behavior of search
trajectories through the temporal evolution of the edge configuration in the data structure.
We assume that a TSP instance contains h(h > 1) globally optimal tours in the solution
space S and denote S∗ as the set of h globally optimal tours. Therefore, the objective of the
TSP is to find the whole set of optimal tours S∗ ⊂ S:

S∗ = arg {min
s∈S

f(s)} (1)

Any optimal solution s∗ ∈ S∗ optimizes the objective function f(s) and satisfies a set of
restrictions. The TSP in the classic definition is looking for any single best tour in S∗; while
the TSP in the general definition is searching for all best tours in S∗, and the salesman wants
to know what all best alternative tours are available. Usually, for a given TSP instance, we
don’t know the number of optimal tours in the solution space until we find them. Obviously,
this general TSP becomes even more difficult to solve. To solve this general TSP, we need
a search system that converges not just in value but also in solution. Convergence in value
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means that a search system can find any one of the optimal solutions in the solution space
eventually. Convergence in solution means that the search system can identify over and over
the same optimal solutions in the solution space. Obviously, finding the same set of optimal
solutions over and over is the essential requirement for global optimization.

A local search system iteratively explores the neighborhoods of solutions, trying to
improve the current solution by local changes in the direction towards the optimal point. A
local search process leads to a sequence of solutions s0, s1, s2, ..., s∞, where s0 is an arbitrary
initial solution and s∞ is the final solution at the end of search. This time series defines a
search trajectory and represents the part of the solution space that is searched by the search
trajectory.

In a local search system, there is a great variety of ways to construct initial points,
choose candidate moves, and define criteria for accepting candidate moves. Most local search
systems are based on randomization. The initial point is randomly constructed and the next
move is chosen from multiple possibilities usually based on a random number. Therefore,
local optimality depends on the initial point, the neighborhood function used in the search
process, and the randomness in the search system. These factors determine the dynamical
search law f(t) in the search system. Randomization makes the search system become a
randomized system. A pervasive theme about randomized system is that a small random
sample generated by the randomized system is a good representative of the population as a
whole. Randomization is also an effective way to achieving diversification in search. There
are no two search trajectories that are exactly alike in such a search system. K search
trajectories can explore a wide region of the solution space, and the locally optimal solutions
generated by these search trajectories are good representative of the solutions in A. However,
no matter where a search trajectory starts, all search trajectories tend towards the same
small region in the solution space if the problem instance is unimodal, or several small
regions if the problem instance is multimodal. Here unimodal means that the solution space
contains only one optimal point, while multimodal means that the solution space has several
optimal points.

In the past decades, many researchers have empirically studied the converging behavior
of local search systems [5, 10, 12, 14, 16, 17, 18, 22, 24, 25]. They use ”big-valley” landscape
of the search space to describe the phenomenon that multiple search trajectories converge
to a small region in the solution space. They observed that the locally optimal points occur
relatively close to each other, and to the globally optimal point. For the TSP, the properties
of the ”big-valley” landscape were studied based on the analysis of overlaps and distance
between the locally optimal tours. Here the overlap, called bonds, between two tours is
defined as the fraction of edges that are common to both tours; and the bonds distance is
defined as the difference between the number of nodes and the bonds. It was found that the
bonds distance between any pair of locally optimal tours satisfies a normal distribution with
very low average and the locally optimal tours consists most of short edges. From dynamical
systems perspective, the ”big-valley” structure actually is a solution attractor of the search
system that drives the local search trajectories to converge into a small region in the solution
space [15]. The long-term dynamics of a local search process is captured in a limit set. The
significant contribution of this paper is to combine all these ideas into one central theory:
the solution attractor of a local search system.

3. Solution Attractor of Local Search System

The theory of dynamical systems is an extremely broad area of study. A dynamical system
can be considered to be a model of describing the temporal evolution of the system. A
dynamical system consists of a state space S, a set of times T, and a rule f for evolution,
f : S×T → S that gives the consequents to a state s∈ S. The mathematics typically specifies
a dynamical law f that determines how the values of a set of states evolve through time,
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and thus an attractor is defined as a set of numerical values toward which a system tends to
evolve, for a wide variety of starting conditions of the system [2, 3, 4, 6, 7, 9, 11, 13, 19, 20, 23].

The solution attractor A of a local search system can be simply viewed as the set of
solutions, to which all initial points evolve under iterates of the search function f(t). In a
local search system, a search trajectory usually stops at a point in the solution space, which
is called a locally optimal point. A different search trajectory explores different region of the
solution space and stops at a different locally optimal point. Therefore, a solution attractor
A of a local search system is a subset of the solution space that contains the final points
of all search trajectories for the given problem instance; that is, the solution attractor A
contains all locally optimal solutions. A single search trajectory typically converges to either
one of the points in A. The set A is asymptotically stable because all search trajectories
approach this set as search time t→∞. Since a globally optimal solution s∗ is a special
case of locally optimal solutions, it is reasonable to believe that s∗ ∈A and ∀si ∈A,s∗ < si.
This property leads to the following proposition: A globally optimal solution s∗ is the center
of a solution attractor A, surrounded by locally optimal solutions within δ distance in the
solution attractor.

A multimodal optimization problem has h(h> 1) globally optimal solutions, and therefore
a search system for a multimodal problem will have h solution attractors. A search trajectory
converges to either one of these h solution attractors. According to dynamical systems
theory, the closure of an arbitrary union of attractors is still an attractor. Therefore, the
union of the h solution attractors is still a solution attractor; that is, A1∪A2∪ ...∪Ah =A.
Each solution attractor Ai has its own basin of attraction and contains a globally optimal
solution s∗i . All search trajectories will be distributed to these h different solution attractors.
Figure 1 visually summaries the concepts of search trajectories and solution attractors in a
local search system for a multimodal optimization problem. Illustrating search trajectories,
solution attractors and the solution space as a three-dimensional object is a valid metaphor
for understanding how a local search system might proceed, how search trajectories converge
to solution attractors, and how a solution attractor is formed.

Basically, a local search system lacks the information needed to find all G-edges because
it does not have the data structure that can be used to collect such information. In the
TSP, an edge is a connection between two nodes and many tours go through it, and thus it
contains important information about many tours. The edge matrix E in the TSP definition

Figure 1. Illustration of search trajectories and solution attractors.
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is an exploitable data structure. We define that, in the edge matrix E, the element e(i, j)
in the row i and column j contains value 1 if and only if a tour goes from node vi directly
to node vj , otherwise it contains zero (or blank). For K tours, the matrix E can be used to
record the number of times the edge e(i, j) is hit by these K tours. The value in an element
e(i, j) of the matrix E is defined as the number of occurrence of the edges e(i, j) in these K
tours:

e(i, j) =

K∑
k=1

ek(i, j) (2)

In this way, the edge matrix E actually serves as a learning mechanism and memory
architecture that can catch rich information about the search behavior of the search system,
based on the hit-frequency values in its elements. Thus, the matrix E is also called hit-
frequency matrix E when being used for this purpose.

Figure 2, using a 50-node example, visualizes the global dynamics of the search system
through the convergence of edge configuration in the matrix E. The TSP instance is searched
by 100 local search trajectories concurrently. The hit-frequency value in the element e(i, j)
of the matrix E is converted into a unit of half-tone information, a value that we interpret
as a number Hij somewhere between 0 and 1. The value 1 corresponds to black color and
0 to white color. In this way, the image in the matrix E can reveal the convergent state of
the edge configuration in the search trajectories at any moment during the search process.
Figure 2(a) shows the image of the edge configuration of the matrix E for the 100 random
initial tours. Since each element has equal chance to be hit by these initial tours, almost
all elements in the matrix E are hit by the 100 initial tours and all elements have very low
half-tone values. Figure 2(b) and (c) shows the image of edge configuration of the matrix
E when all search trajectories complete 2000 iterations and 5000 iterations, respectively.
At 5000th iteration, many elements of the matrix E become white color, while some other
elements have much higher half-tone values. This example demonstrates that as search
continues, the number of edges hit by the search trajectories becomes smaller and smaller.
This phenomenon means that all search trajectories are moving closer and closer to each
other, and they become increasingly similar. The distribution of the hit-frequency on the
edges in the matrix E gives us a global description of the asymptotic behavior of the search
system. The long-term dynamics of K search trajectories would always converge to a fixed
set of edges. If K is sufficient large, the evolution of the edge configuration of the matrix
E will be toward one fixed pattern that is independent from where and how these search
trajectories proceed in the solution space.

Let W = n(n−1)/2 denote total number of edges in the matrix E, α(t) denote the number
of the edges that are hit by all K search trajectories at time t, β(t) denote the number of
the edges that are hit by one or some of K search trajectories, and γ(t) denote the number
of the edges that have no hit, then we have, at time t,

W = α(t) +β(t) + γ(t) (3)

Figure 2. Visualizing the convergent dynamics of edge configuration in E

.
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For a given TSP instance, W is a constant value. During the search process, the values for
α(t), β(t) and γ(t) are constantly changing. The values for both α(t) and γ(t) will increase,
and the value for β(t) will decrease. If K is sufficiently large, the values for α(t), β(t) and
γ(t) will approach to constant values as the search time t→∞.

Now the essential question is: What is the relationship between the size of the solution
attractor A and the size of the problem n? In the TSP, the computational complexity is
associated with the combinatoiral explosion of potential solutions in the solution space. If
the size of A does not grow exponentially as n increases, the computational complexity in
the TSP can be effectively reduced. Our experiment results show that the relationship curve
between the size of A and n is linear.

4. The Attractor-Based Search System

Our definition of solution attractor not only defines what a solution attractor is, but also
describes what it does and what we can do with it. The solution attractor theory provides
a new knowledge that can help us to develop an effective and efficient search strategy
for solving the TSP. Figure 3 presents a novel search algorithm, called the attractor-
based search algorithm. This algorithm is very straightforward: generating K locally optimal
tours, storing them in the matrix E, and then finding all tours in the matrix E using an
exhausted search procedure. This attractor-based search system combines beautifully two
crucial aspects in search: exploration and exploitation. The philosophy behind the attractor-
based search system is that: if we don’t know how to find the globally optimal point, we
create a region that is known to contain this point and then search that region completely.

The matrix E itself create a data structure that can be easily searched by an enumer-
ative search technique that is designed especially for trees: depth-first tree search. This
simple recursive search technique traverses a directed graph starting from a node and then
searches adjacent nodes recursively. Figure 4 illustrates an example of how a matrix E
being searched by the depth-first tree search algorithm. Suppose that the search system
stores three locally optimal tours s1 = (1,2,3,4,5), s2 = (1,5,3,2,4), and s3 = (1,5,4,2,3)
for a 5-nodes TSP in the matrix E, as shown in Figure 4(a). The depth-first tree search
process starts at node v1 and then goes to node v2, as illustrated in Figure 4(b). During
the construction of a tour, if adding a node leads an invalid tour, the search process dis-
cards the invalid tour and continues searching in next valid column in the row until the end
of the row in the matrix E. The tree search process returns four tours: s1 = (1,2,3,4,5),
s2 = (1,5,3,2,4), s3 = (1,5,4,2,3), and s4 = (1,2,4,5,3). Originally, we stored three tours in
the matrix E. The exhausted search process found a new tour s4 = (1,2,4,5,3). This example

Figure 3. The attractor-based search procedure for the TSP

.
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Figure 4. An example of depth-first tree search in the matrix E

.

not only demonstrates how the tree-search procedure constructs tours without considering
the zero-hit edges, but also reveals the fundamental motivation of using the matrix E in the
attractor-based search system: from a set of K locally optimal tours, the matrix E can help
us find more other locally optimal tours and the globally optimal tours.

5. Summary

In the local search process, the search trajectories replace bad edges with better ones. The
search trajectories actually perform the task of pruning out the edges that cannot possibly
be included in the globally optimal tours. When one edge is removed, all tours that pass
the edge will be removed from the consideration. When majority of the edges are removed,
majority of connections between nodes are also removed, and thus the huge number of
possible tours in the solution space are removed from the later exhausted search process. If
we describe the solution space as a search tree, huge amount of useless branches of the tree
have been cut off by the local search trajectories, and the final edge configuration in the
matrix E becomes a well-cut tree, which leads to a considerable reduction in search time.
In this way, the computational complexity of the problem is significantly reduced. Large
solution space is reducd to an extremely small region - a solution attractor.

From a computational complexity stance, the TSP is an intractable problem; that is, for
such a problem there exists no efficient algorithm to solve it. Most intractable problems
have only one algorithm - the brute-force search algorithm - that really provides a solution.
There are some algorithms such as the branch-and-cut [21] can solve to optimality many
real-world instances in reasonable time; however, there is no fundamental progress in the
area of exhaustive search for the TSP. In computer science, P versus NP problem is about
how fast can we search through a huge number of possibilities. There are a huge number of
possibilities, we don’t always need to explore them all. P versus NP problem asks us if we
ever need to explore all the possibilities of any search problem.

For the TSP, when a problem instance is large, the number of possible tours in the solution
space is so large as to forbid an exhaustive search for the optimal tour. The attractor-based
search system consists of two major computing phases. The first phase uses a local search
procedure to search the solution space and generates K locally optimal tours. Local search
converges very quickly, within low-order polynomial time [1]. This phase produces a solution
attractor, a much smaller region for further complete search in the second phase. The second
phase completely search the solution attractor using tree-search process, which can be done
in O(n2). Therefore, the attractor-based search system finds the optimal solutions with
computing complexity of O(n2). In this sense, the TSP may not be as complex as we might
have expected.
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